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Abstract 
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1. Introduction 

Let be the class of functions analytic in U := {z G C : |z| < 1} and jyf[a,n] be the subclass of J$? consisting 

of functions of the form /(z) = a + a„z" + a„+iz" +1 + Let stf p denote the class of all analytic functions of the 

form 

f(z)=z p + £ a k z k (zGU) (1.1) 

k=p+l 

and let :— srf '. For two functions /(z) given by d 1 - 1 b and g(z) = z p + YZ=p+i %Z% tne Hadamard product (or 
convolution) of / and g is defined by 

(f*g)(z):=Z p + £ a k b k z k =:(g*f)(z). (1.2) 

k=p+\ 

For two analytic functions / and g, we say that / is subordinate to g or g superordinate to /, if there is a Schwarz 
function w with \w(z)\ < \z\ such that f(z) = g(w(z)). If g is univalent, then / -< g if and only if /(0) = g(0) and 
/(U) C g(V). The class R(a) is defined by 

R(a) := |/ G srf : > a,0 < a < l;z gU 

and R = R(0). The class S* (a) of starlike functions of order a is defined as 

S*(a) :=f/erf:Re^ > a,0< a < l;zeU 
I J{z) 

Note that S* (0) = S* , the class of starlike functions. The class of starlike functions of reciprocal order a is denoted 
by S*(a) and is given by 



S*(a) := IfeS* : Re > a,0 < a < l;z G ul . 

I z/'(z) J 



Note that S* (0) = S*. For -1 < B < A < 1, Janowski [14] introduced the class S*[A,B] given by 
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For A = 1 and B = — 1, it reduces to the class S*. A function / € srf is said to be strongly starlike function of order 
tj if it satisfies 



arg 



zf'iz) 



<^- (0<77<l;zeU) 



or equivalently 

The class of all such functions is denoted by SS*(r]). Obviously, SS* (1) = S*. The class ^Jzf (77) is defined by 



<1,tj>0;zgU 



or equivalently 



zf{z)/.f(z)<{l+z)* (7]>0;zeU). 



Note that the class ,9 := ^Jf(^), was introduced by Sokol and Stankiewicz [34] and studied recently by 
RosihanM. Alietal., H. 

For Uj £ C (j — 1,2, ... ,1) and fij E C \ {0, — 1 , —2, . . .} (j = 1,2,... m), the generalized hypergeometric 
function iF m ((X\ , . . . , Of/; j3i, . . . , j3 m ;z) is defined by the infinite series 



/F m (ai,...,a/;j3i,...,j3 m ;z) := £ 



(ai)„...(a/)„ z M 



„=o(£i)«---(Ah)«" ! 

(/ < m + l;/,m € N := {0, 1,2, . . .}) 
where (a) n is the Pochhammer symbol defined by 



{a)n 



T(a + n) f 1 



(n = 0); 



T(a) \ fl(fl + l)(fl + 2)...(a + n- 1), (neN:= {1,2,3...}). 
Corresponding to the function 

hp(ai,...,ai;Pi,...,Pm;z) :=z p iF m (a 1 ,...,ok\Pu---,Pm\z), 



(1-3) 



the Dziok-Srivastava operator Il2ll (see also fl35|]) Hp' m> (a,\ , . . . , Of/", j8i , . . . , j3 m ) is defined by the Hadamard product 



H p l ' m \ai,...,a l \Pi,...,p m )f(z) := ^(ai,...,a z ;/3i,...,j3 m ;z)*/(z) 

p , y- («i)»- P ---(«/)n-p a«z" 

z , ^ 4r + l(/ 3 l)»-p■■■(fc)«-p("-/')!■ 

For brevity, we write 

H' p m [a l ]:=H^ m) (a l ,...,a l -px,...,p m ) 
and we have the following identity: 

z(/#"[ai]/(z))' = a x H l f[a x + l]/(z) - {a x - P )H\f[a x \f{z). 



(1.4) 



(1.5) 



(1.6) 



Special cases of the Dziok-Srivastava linear operator includes the Hohlov linear operator II 1311 . the Carlson- 
Shaffer linear operator 10], the Ruscheweyh derivative operator ll30ll . the generalized Bernardi-Libera-Livingston 
linear integral operator (cf. J3], lfl7ll . i20lp and the Srivastava-Owa fractional derivative operators (cf. J26ll . $2T\\ ). 

Motivated by the multiplier transformation on sd ', we define the operator l„(r,X) on srf p by the following 
infinite series 



I p (r,X)f(z):=z p + £ 

n=p+l 



n + X \ r 

p+x 



i n z n (AeC\{-l,-2,...}) 



and we have the following identity: 

z(I p (r,X)f(z))' = (p + X)I p (r+l,X)f(z)~Xl p (r,X)f(z). 



(1.7) 



(1.8) 



For X > 0, the operator was introduced and studied by Ravichandran and Sivaprasad Kumar [32] and exten- 
sively used by many authors (cf. J2l, H, rf33to . The operator I p (r, X) is closely related to the Salagean derivative 
operators [31]. The operator K :=I\(r,X) was studied by Cho and Srivastava [|9|] and Cho and Kim ifToh . The 
operator/, :— 1\ (r, 1) was studied by Uralegaddi and Somanatha l36ll . 

Corresponding to the function h p defined in il.3\ , Al-Kharasani and Al-Areefi H introduced a function 
F K (ai,...,GCi;Pi,...,p m ;z) given by 

z p 

h p {a 1 ,...,ai;Pi,...,p m ;z)*F K (a 1 ,...,ar,Pi,...,p m ;z) = ^ _^ K + p -i (K>0;zeU) 

and defined a new linear operator J K ( oti, . ..,«/; jSi ,.. . ,/J m ;z), analogous to i/p'"[ai], by 

/ K (a 1 ,... ) ar,j3 1) ...,j8 m ;z)/( z )=F K (a 1 ,...,ar,j8i,... ) i3m;z)*/(z) (1.9) 

where a, G C (j = 1,2,...,/) and /3 ; e C\ {0, — 1, -2, . . .} (j = 1,2,... m), z e U, K > 0. For convenience, we 
write 

^[oi]:=/ r (oi,...,ai;ft,...,J8*). (1.10) 
They established the following identity: 

z(4 m [ai]/(z))' = («i - l)4>i - l]/(z) - (ai-p- l)4 m [«i]/(z). (1.11) 

Special cases of this operator are when p = 1 , it reduces to the operator defined in lfl6ll . when p = 1 , K" = 2 it is the 
Noor's integral operator defined in |24]. Now consider the following infinite series: 



^I(z)=z P + I -XT K (A€C\{-l,-2,...», (1.12) 
we have 

I p (r,l)f(z) = J? r x (z)*f(z). 
Corresponding to the function j£7 (z) given by 

^)*^) = (iI^Fi (zeV;K>0), 
Al-Kharasani and Al-Areefi yfl defined the multiplier transform T K (r,X) as follows: 

T K (r,X)f(z)=3?i ;K (z)*f(z) (AeC\{-l,-2,...},oO;/e^eO) (1.13) 
and established the identity 

z(T K (r,X)f(z)Y = (p + X)T K (r-l,X)f( Z )-XT K (r,X)f(z). (1.14) 



When p = 1, this operator is a generalization of the linear operator defined in [23]. Recently Miller and Mocanu 
1 22] considered certain second order differential superordinations. Using the results of Miller and Mocanu 12211 . 
Bulboaca |@] have considered certain classes of first order differential superordinations and Bulboaca H consid- 
ered certain superordination-preserving integral operators. Later many papers in this direction emerged (cf. J2], 

II, d, Ed. 

Jung, Kim and Srivastava introduced the linear operator on is defined by 

QpW=( a+ /)jJn( l - t -Y l ^mdt, (a>0,j8>-l,/G. 
Note that 



rf*m - i Y r(/3+»)r(a + j3 + l) 

Qp(f)-Z+L na + P + nni3 + l fnZ ■ (1.15) 



Motivated by the above linear operator introduced by Jung, Kim, Srivastava [15], Liu introduced the following 
integral operator on stf p 11811 : 

cfl (f\ rP+ Y r (fi+n + p)r(a + P+ P ) ,„ >nR . , ftlo ,s 

Q,*V)-t + Z +l r(a + p + n + pnp + p) a " z («>o,/*>-i,/e^). 



Note that if 



then 



Further it can be shown that 
z[<2^(/)]' = (a + /3H 



y r(j3+n + p)r(« + j3+p) „ 
^ + n L +l T{a + P+n + p)T{fl + p) Z ' 

e^(/)=^ a (z)*/(z)- 



P-l)fi?^CO-(a + P-l)G?^. 



(1.16) 



Since certain important properties of the classes defined by the above mentioned linear operators essentially depend 
on the recurrence relation (11.6b . ( 11.8b . (II. lit . ( 11.14b and ( 11.16b . We define a class of operators and a corresponding 
class of functions in the following: 

Definition 1.1. Let O p be the class of all linear operators L p defined on stf p satisfying 



z[L a p f(z)}' 



a„L' 



a+l 



f(z)-(a a ~p)L a p f(z). 



One can also consider the class of linear operators satisfying 

z[L b p f(z)]' = a b L b - l f(z) (a h p)L b p f(z). 

However, in this paper, we restrict ourself to the first case as the results pertaining to the second class of 
operators are much akin to their counter parts in the first case. We note that if L p (f(z)) = J^fk{z) * f{z), then L p 
unifies the above stated all operators for suitable function J%(z) assumes as follows. 



H' p m [ ai } , for JS% (z)=h p (a u ...,a l ;p l , 



I P (r,X), 

T /,m r I 

J K [ai], 
Mr,X), 



foTj? r (z)= Z e + i: =p+l 

for i? a , (z) = F K {a\ , . . . , a,; J3i , . 
fa& r (z) = &j LK (z),k = b = r 
forif a (z)=F«'(z), k = b = a. 



.,j3 m ;z), k = a = ct\ 
z", k = a = r 
.,j3 m ;z), k = b = a x 



Thus the operators H p ' m [(Xi\, I p (r,X), /^ m [05i], T K (r,X) and are in the class O p . 

In the present investigation, we unify certain linear operators defined on p-valent functions and for them some 
key results with subordination and superordination leading to some sandwich results are obtained. A related inte- 
gral transform is also discussed. Further sufficient conditions for functions belonging to the classes R, S*, S*, SS* 
and 5?J£ have been obtained using our key results. Hence most of the earlier results in this direction becomes 
special cases to our results, for instance, the results of Al-Kharsani and Al-Areefi [3] become special case to our 
main results when = 1 and v = 0. 



2. Preliminaries 

In our present investigation, we need the following: 

Definition 2.1. [22, Definition 2, p. 8 17] Denote by J2, the set of all functions f(z) that are analytic and injective 
on U — E(f), where 

E(f) = {£edIJ:limf(z)=oo}, 
and are such that /(Q^0for£e <9U -E(f). 

Lemma 2.1 (cf. Miller and Mocanu[21, Theorem 3.4h, p.132]). Let y/(z) be univalent in the unit disk U and let $ 
and <p be analytic in a domain D D with <p(w) ^ 0, when w G y(U). Set 

Q(z) := zf (z)p(v(z)), h(z) := Hv(z)) + Q(z)- 
Suppose that 

1. Q(z) is starlike univalent in U and 

2. Re|^ >0forzeV. 



Ifq(z) is analytic in U, with q(0) = y/(0), ?(U) C D and 

V(q(z))+Zq'(z)(p(q(z)) ~< +Z</(z)<P(V(z)), (2.1) 

then q(z) -< y(z) Vt^) W ^ e best dominant. 

Lemma 2.2. ^3 Corollary 3.2, p. 289] Let \jf(z) be univalent in the unit disk U and # ant/ <p foe analytic in a 
domain D containing y(U). Suppose that 

1. Re[t?'(VA(z))/(p(^(z))] >0/orzeU, 

2. Q(z) := zV / '(^)?'(V / (z)) i5 starlike univalent in U. 

4f <?(z) G Jf?[y(Q), 1] n cS, vw'f/i q(V) C D, and #(<?(z)) + z<?'(z)<p(<?(z)) is univalent in U, then 

V(y(z)) + zy/(z)(p(Y(z)) ~< i?(?(z))+z?'(z)<p(3(z)), (2.2) 
implies y(z) -< ^(z) one/ Vtz) i 5 subordinant. 
Definition 2.2. Let / G ^p, we define the function 0£ v by 



niu,v(/(z)) = 



where the powers are principal one, fi and v are real numbers such that they do not assume the value zero simul- 
taneously. For the sake of convenience, let us denote 

3. Sandwich Results 

We begin with the following theorem. 

Theorem 3.1. Let y be convex univalent in U with y/(0) = 1. Let Re [a a+ ijJ. — a a v] > 0, a a+ \ ^ and f G 
Asrame f/jflf ^ and 4> are respectively defined by 

X(z) ■= [{a a +ili - a a v)y{z) +z^(z)] (3.1) 

ant/ 

*(*):= fl£ M ,v(/W) T iW> (3-2) 

w/iere 

Ti(z) := ^l\\(M) - ^^2,i,i (/(z))- 
7. //O(z) -< #(z), 

^,v(/(z)) "< V&) 

an<i ty/(z) is f/ie foesf dominant. 
2- Ifx{z)<<S>{z), 

0^£l£ MiV (/(z)) G ,#?[\,\}r\£and<t>{z) is univalent in U , (3.3) 

f/ie« 

ant/ y(z) is the best subordinant. 
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Proof. Define the function q by 

?(z):=fl!,/»,v(/(z))> ( 3 - 4 > 

where the branch of q(z) is so chosen such that q(0) = 1. Then q(z) is analytic in U. By a simple computation, we 
find from ( T3~4t that 



zg'jz) = z[Q.l^ v (f{z))]' 

9(Z) ^Uv(/W) 



z(L" p +l f(z))' z(L p f(z))' 
= M — -n v — '—— hp(v-u). (3.5) 

By making use of the identity 

z(L" p f(z))' = a a L a p + \f{z) - (a a p)L a p f(z), (3.6) 
in i3.5\ . we have 

^Mz))(^f+\m)-^^hMz))) =^-[{a a+xl i-a a v)q{z)+zq'{z)]. (3.7) 

In view of (13.71 ). the subordination <t>(z) -< %(£) becomes 

(a„ + uu - a a v)^(z) +zq'(z) -< (a fl+ iju - a fl v)y/(z) + zy/(z) 
and this can be written as d2.ll >. by defining 

#(w) := (a a+ ifi - a a v)w and <p(w) := 1. 
Note that <p(w) ^ and #(w), <j?(w) are analytic in C — {0}. Set 

Q(z) := zi/(z) 

ft(z) := #(y/(z)) + g(zH(a„ +1 Ai-a u v)y/(z)+zy/(z). 
In light of the hypothesis of our Theorem l3.ll we see that Q(z) is starlike and 

By an application of Lemma l2~Tl we obtain that q(z) -< \]f(z) or 
G2,M,vCf(z)) -< vW- 

The second half of Theorem l3. ll follows by a similar application of Lemma l2~2l I 

Using Theorem l3.11 we obtain the following "sandwich result". 

Corollary 3.1. Let \ffj (j= 1,2) be convex univalent in U with V)(0) = 1. Assume that Re [a a +\pi ~ cc a v] > and 
<£> be as defined in A3.2i . Further assume that 

Xj{z) := [(Ob+iJU - a a v)Yj{z) +zWj(z)] ■ 

IfB3[ holds and Xi(z) -< 3>(z) -< Xz(z), then 

Wx{z)<^M(z))<Wi{z)- 

Theorem 3.2. Let be convex univalent in U with y/(0) = 1 and a a be a complex number. Assume that 
Re(/xa a +i — VCC a ) > and f € £/ p . Define the functions F, % and *P respectively by 

F W : = [ Z t a "-r-\f{t)dt, (3.8) 

z a " P Jo 

^(z) := ( i ua a+ i-va fl )^(z)+zi/(z) (3.9) 



ana? 



*(z) :=^ >v (F(z)) [M« fl+ iO| ili0 (/(z),F(z))-va fl O£ !0) _ 1 (/(z), J F(z))] . (3.10) 
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1. If9(z)-<z(d. then 

^, v (F(z)) ~< y(z) 

and yf(z) is the best dominant. 
2- IfX(z)^ x V(z), 

+ Q !,/i,v( F (z)) e n £ and x V{z) is univalent in U, (3.11) 

f/ien 

v(zH^ iV (f(z)) 

fl«ii yf(z) is the best subordinant. 

Proof. From the definition of F, we obtain that 

a a L«(f(z)) = (a a -p)L a p (F(z))+z(L a p (F(z)))'. (3.12) 
Define the function q by 

q(z):=Q. a LitliV (F(z)), (3.13) 

where the branch of q(z) is so chosen such that q(0) = 1. Clearly q(z) is analytic in U. Using (13.12b and ( 13. 13b . 
we have 

^,v(^W)(M««+i^L,i,o(/W^(z))-va„i2£, ,_ 1 (/(z), J F(z))) = { i ia a+1 -va a )q{z)+zq'{z). (3.14) 
Using( T3~T4l i. the subordination ^(z) -< %(z) becomes 

{lia a +\ - va a )q(z)+zq'(z) -< (jia a+ \ - va a )Y(z) +zi/(z) 
and this can be written as ( 12. Il l, by defining 

#(w) := (/ia a+1 -va fl )l^(z) and (p(w) := 1. 
Note that (p(w) 7^ and #(w), (p(w) are analytic in C — {0}. Set 

Q(z) := zi/(z) 

:= ^(vA(z)) + Q(z) = (Ma a +i-v« a )vA(z)+zi/(z). 
In light of the assumption of our Theorem l3.2l we see that Q(z) is starlike and 

R <w) =Re (^ +i - VOfa+1+ w) >a 

An application of Lemma l2.ll gives q(z) -< y/(z) or 

aijiA*®) -< viz). 

By an application of Lemma l2~2l the proof of the second half of Theorem l3.2l follows at once. I 
As a consequence of Theorem l3.2l we obtain the following "sandwich result". 



Corollary 3.2. Let (j = 1,2) be convex univalent in U with y/)(0) = 1 and a a be a complex number. Further 
assume that Re(pa a+ i — VCC a ) > and *P be as defined in (13.10\) . If H3.11[ holds and %\ (z) -< *P(z) -< #2(z), ?/ze« 

Vi(zH^ )V (F(z)Hy 2 (z), 

Xy(z) := - v«fl)vo-(z) + ZV/(z) U = 1,2) 

a«c/ F k defined by A3.8h 

Theorem 3.3. Let <j) be analytic in U with 0(0) = 1 anaf <X a is independent of a. If f £ srf p , then 

^! )M ,v(/(z)) -< 0w ^!v(^(z)) -< «(Z). 

F it t"th & v 

Hz) -< ^ >MlV (/(z)) **• -< G^vTO). 

where F is defined by 



Proof. From the definition of F, we obtain 

«af(z) = (a a -p)F( z )+zF'(z). (3.15) 
By convoluting ( 13.15b with -2*(z) and using the fact that z(f * g)'(z) — f(z) * Zg'(z), we obtain 

a a L a p (f(z)) = (a a -p)L a p (F(z))+z(L a p (F(z)))' 
and by using the identity 

z[L a p (f(z))}' = aX p + \f(z)) (a a -p)L a p (f(z)), (3.16) 
we get 

L a p (f(z))=L p +1 (F(z)). (3.17) 

Since a a is independent of a, U a+ \ = a a , we have 

a a L^(f(z)) = z(L a p (f(z))Y + (a a -p)L a p (f(z)) 

= z(L a p +l (F( z )))> + (a a -p)L<f\F(z)) 

= a a+l L a p +2 {F{z)). (3.18) 
Therefore, from ( 13.17b and ( I3.18l l. we have 

a^!vTO)=<W/(z)) 

and hence the result follows at once. I 

Now we will use Theorem l3.3l to state the following "sandwich result". 

Corollary 3.3. Let f € sip and <X a is independent of a. Let 0, (i — 1,2) be analytic in U with (j)i(0) = 1 and F is 
defined by H3.8\) . Then 

if and only if 

^{z)<tt' L ^,{F{z))<<h{z). 

4. Applications 

We begin with some interesting applications of subordination part of Theorem 13. II for the case when L = H, 
the Dziok Srivastava Operator. Note that the subordination part of Theorem l3. 1 I holds even if we assume 

Re 1 1 + | > max{0, Re [a, ( v - fi ) - fi] } 

instead of "y/(z) i s convex and Re \ct\ (ju — v) + ju] > 0" and leads to the following corollary to the first part of 
TheoremlXTIbv taking yr(z) = (1 +Az)/(1 +Bz). 

Corollary 4.1. Let — I < B < A < I and Re(u — vB) > \v — UB\ where u — a\{^i — v)+H + \ and v = [0£i(|U — 
v) +n — 1}B. Iff 6 sf p satisfies the subordination 



If,. , ,1+Az (A-B)z', 



f/;en 

^,v(/( Z ))^ 

ant/ (1 +Az)/(1 +Bz) Z5 f/ze feeif dominant. 
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Proof. Let 

V(z) = \^ z (-KB<A<1), (4.1) 

then clearly y/(z) is univalent and y/(0) = 1 . Upon logarithmic differentiation of y/ given by ( 14. U . we obtain that 

(A-B)z 
(1+Bz) 

Another differentiation of ( 14.21 ). yields 
zw"(z) 1-fiz 

+ y/'(z) l+Bz ( ' 



If z = re' e , < r < 1, then we have 



Re|l + ^U ^ >0 

1 l^'(z) / l+BV + 2Brcos0 " 



Hence y/(z) is convex in U. Also it follows that 

r , \ ii zv"(z) [aiGu-v) + /i + l] + [ai(jii-v) + jii-l]Bz 
[a l ( A i-v) + A i] + l+^ 7 ^ = 

_ M + VZ 

r+sz' 

where m = ai (jti - v) + \i + l and v = [ai (ju — v) + ju — l] B. The function w(z) = maps U into the disk 

u — vB 



w - 



l-B 2 



< \v-uB\ 



l-B 2 



Which implies that 



, , \ , z</'(z)\ Re(a-vB)- \v-uB\ 
Rc([« 1 ( M -v)+M] + l + -^yj> ^ J g2 ' ^>0 



provided 

Re(S-vB) > |v-SB| 

or 

Re(w- vfi) > \v-uB\. 
Thus the result follows at once by an application of the first part of Theorem l3.ll 

Corollary 4.2. Let < a < l and Re(ai (p - v) + /i) > 0. Tjf 

a^ iV (/(z)) - ^1^,1,1 (/(*))) 



1 /, , . ,l + (l-2o)z 2(1 -a)z\ , . 

f/zen 

Rei2^ v (/(z))>a. 

Proof. Let 

l + (l-2«)z 
1 -z 

then obviously \j/(z) is univalent and y/(0) = 1. By a simple calculation, we have 

zw"(z) 1+Z 
ip'(z) 1-z 

which clearly indicates that y/(z) is convex. If we assume j3 = tt\ (p. — v) + jJ. then by hypothesis we have Re j3 > 0. 
So if we take 

„ (z) = /J + l±£ = (l±ffi±<lz«£, 
1-z 1-z 

then w(z) maps the unit disc U on to Re w > Re j3 > 0. The result now follows by an application of the subordination 
part of Theorem lXTI I 
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Note that if p = 1,1 = m + 1 and ot i+1 = ft (z = 1,2, ...,m), then ff] [l]/(z) = /(z),tfi [2]/(z) = z/'(z) and 



#l[3]/(z) = iz 2 /"(z) +zf'(z). Putting a = 1 in Corollaries Oand we obtain the following corollaries 



respectively. 

Corollary 4.3. Let — 1 < B < A < 1. Lef /I anc/ v satisfy (m — uB) > |v — uB\ where u — 2^ — v + I and v 
(2jU — V — 1)2?. /// € ^ and satisfies the subordination 



/(z)y V V /'(z) / /(z) / l+fe (l+2?z) 



z V l+Az 



then 

and (1 +Az)/(1 +Bz) is the best dominant. 

Corollary 4.4. Let < a < 1 anof 2^1 > v. Iff € ^ ant/ satisfies 



/W7 V V /'M 7 /ft) 



f/zen 



Re((/W(j|y) ) « 



Proof. From Corollary 14.21 we see that 



We now investigate the image of h(V). Assuming a = 1 — 2a and b = 2/1 — v, we have 

b + (1 + a — b + ab)z — abz 2 



h{z) 



(1-z) 2 



where /i(0) = b and h(— 1) = [22? (1 — a) — (1 +a)]/4. The boundary curve of the image of /z(U) is given by 
h(e' e ) = u(6)+iv(d), -% < 9 < 71, where 

(l+a-b + ab) + (l-a)bcos9 , (l+a)Z?sin0 
M(0) = 2(c«i0-l) ^ m= 2(1 -cose) " 

By eliminating 0, we obtain the equation of the boundary curve as 

vW(lW«-^ (1 - fl >- (fl + 1) Y (4-6) 



Obviously d4.6l > represents a parabola opening towards the left, with the vertex at the point ^ 2fc d gl (" +1 ) ; 0^ and 
negative real axis as its axis. Hence /z(U) is the exterior of the parabola ( 14.61 ) which includes the right half plane 

2i(l-fl)-(fl + l) 
4 

Hence the result follows at once. I 

By setting jj. = v = 1 in Corollary 14. 31 we obtain the following example. 
Example 4.1. Let — 1 < B < A < 1. If / £ si and satisfies the subordination 

z/'(z) ( n zf(z) , z/"(z)A ^ l+Az , (A-2?)z 



/(z) V /(z) /'(z) / 1+Bz (1+Bz) 2 ' 

then / e S*[A,2?]. 

Putting ji = v = 1 in Corollary 14.41 we have the following example. 
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Example 4.2. Let 0<Of<l.If/€^/ and satisfies 

Re 



zf(z) ( 2 zf'(z) , zf"(z) 



3a-l 

f(z) \~ f(z) ■ f'(z) ' • 
then fe S* (a). 

If we take jj. — 1 and v = in the Corollary 14. 41 we have the following result. 
Example 4.3. Let 0<OC<l.If/G^/ and satisfies 

Re(2/'(z)+z/"(z))>^-, 

then Re/'(z) > a. 

Remark 4. 1. Example 14. 3 1 provides sufficient condition for univalence of f(z) by Noshiro-Warschawski Theorem 

inip.47]. 

Setting jj, = and v = — 1 in Corollary |4.4l we obtain the following result. 

Example 4.4. Let < a < 1. If / e s4 and Re/'(z) > then /(z) e i?(a). 

Remark 4.2. When a = 1/3, the above result reduces to ll25l Theorem 2], 

If we take yf(z) = ((1 + z)/(l - z)) 11 with < 77 < 1 in Theorem |3~T1 for the case L = H, the Dziok Srivas- 
tava operator, then clearly \]/(z) is convex in U and consequently corresponding to the subordination part of the 
Theorem l3.1l we have the following result. 



Corollary 4.5. Let < TJ < 1, Gti 7^ -1 and Re((Xi (/i-v)+|l)>0.///e^ and satisfies 



ai + 1 



(a 1 ( J u-v) + J u) + 



2tjz 



1-z 2 1- 



1+z 



then 



^Vv(/W)^( T 



1+z 



an<i ((1 +z)/(l — z))'' is the best dominant. 

By taking p = l,/=m+l,G5i = l and a, + i = j3, (2 = 1,2, ...m), in the above Corollary 14.51 we have the 
following result. 



Corollary 4.6. Let < tj < 1 and 2fi > v. Iff G and satisfies 



arg U/W 



z 

7« 



M 2 



then 



where 



f(z) J f(z) 
argl(/'(z))^ 



< 



8k 



z 

m 



< 



2 1 



, 2 2jU-v 

8 = 77 + 1 arctan . 

a: tj 



Proof. In the view of the Corollary 14. 51 we have 



' 7M |M ' 2 



z/W z/'(z) 



/'(z) 



/(z) 



-< (2M-v)- 



2T7z 



i-z 2 7 v i-z 



l+z 



=:A(z) 



implies 



1 <d) " ' 75) ' - 



or 



arg U/W 



l+z 
1-z 



<f (*eU). 
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Now we need to find the minimum value of arg/i(U). Let z — e. Since h(V) is symmetrical about the real axis, 
we shall restrict ourself to < 9 < %. Setting t = cot 9 /2, we have t > and for z = |+y, we arrive at 

Tj(l+f 2 )" 



% ) 



(it) 



1-1 



(2jU - v)it ■ 



(it)*- l G(t), 



where 



G(t) = 



(2jx - v)it - 



17(1 +t 2 ) 



Let G(f) = f/(f) + iV(t), where t/(f ) = -Hil^l an( j y ( f ) = (2^1 - y)t, there arises two cases namely 2jj. > v and 
2)1 = v. If 2/i > v, then a calculation shows that min ( >oargG(?) occurs at t = 1 and 

2u — v 

min arg G(f ) = % — arctan . 

t>0 77 



Thus 



minarg/i(z) 

|d<i 



(r) + l)7r 2u-v 
-arctan — . 



2 77 

If 2/x — V, then argG(f ) = n and minu^i arg/i(z) = (77 + 1 )tt/2. Thus for 2ji > v, we have 



minarg/z(z) 

kl<i 



(rj + l)7r (77 + 1)7;; 2u-v 
-arctan 



(77 + l)7T 



arctan 



2 

2jU-v 



n 



2 77 

This completes the proof of the corollary. 

By taking fl = V = 1 in the above Corollary 14. 61 we obtain the following example. 
Example 4.5. Let 0<rj<l.lff£g/ and satisfies 



arg 



zf'(z ) f n zf(z) , z/"(z) 



(7J + 1)7T 1 

< — arctan — . 

2 77' 



m f{z) 

then /€ SS* (77). 

By setting /! = 1 and v = in the Corollary 14. 61 we have the following example 
Example 4.6. Let 0<77<l.If/Sia?' and satisfies 



arg{/'(z) (2- 



zf"(z) 
f'(z) 



(77 + l)7T 2 

< — arctan — . 

2 77 



then|arg/'( Z )|<f . 

By taking fi = and v = — 1 in Corollary |4.6l we get the following example. 
Example 4.7. Let 0<TJ<l.If/€^/ and satisfies 

, rl . (7J + 1)7T 1 

|arg/ (z)| < - — -^-arctan-, 
z 77 



then 



arg/M 



< 



T(7t 



We now enlist a few applications of Theorem 13. II for the operator L — H, the Dziok Srivastava operator, by 
taking y(z) = vT+z as dominant. Obviously \//(z) is a convex function in the open unit disk U with y/^O) = 1. 
The subordination part of Theorem 13. II leads to the following result. 



Corollary 4.7. Let a,\ ^ — 1 and Re [a,\ (ji — v) + jj] > 0. Iff £ srf p and satisfies the subordination 



QS^vC/tt) (m^IC/W) - ^ fl £uCf (*))) 

^([a 1 (M-v) + M]^ + ^), 
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then 



^, v (/(z)) < VT+z 



and vl+Z is the best dominant. 

By taking p = \,l=m+\,OC] =1 and a, + i = /3, (; = 1,2, ...m) in Corollary |4.7l we obtain the following result. 
Corollary 4.8. Let2\i > v. Iff £ srf and satisfies the subordination 



(/Wl^) (m(2 



z/"(z) 

/'(z) 



, z/'(z) 
/(z) 



-< (2n-v)VT+z + 



2VT+Z 



then 



anc/ \/T+Z is f/ie £>esf dominant. 

We obtain the following example from Corollary 14. 8 
Example 4.8. If / € and satisfies 



z/'(z) f 2 , zf"(z) zf(z) 



/(z) 



/'(z) /(z) 



< VL22« 1.10, 



then / g ,5^. 

Proof. Putting jj. — v — 1 in Corollary |4.8l we have 

z/(z) 



/(z) 



implies 



z/'(z) 



2vm 



=:h(z), 



/(z) 



The dominant can be written as 



h(z) = 



3z + 2 



2vT + z 

Writing ft(e ,e ) = M(V e ) + iv(e ie ),-7C < 9 < %, we have 

3cos(30/4)+2cos(0/4) 



and 



A simple calculation gives 



u{6) 



v(0) 



2^2cos(0/2) 

3sin(30/4)-2sin(0/4) 
2^2cos(0/2) 



9 . . 9 ,„. 13 + 12cos0 , , 



A computation shows that k(0) has minimum at 9 = arccos(-\/l/24) and k(0) > •v/3/2 « 1.22. Since /;(0) = 1 
and A(— 1) = — °o, by a computation we come to know that the image of h(i]) is the interior of the domain bounded 
by parabola opening towards left which contains the interior of the circle u 2 + v 2 = 1 .22. Hence the result follows 
at once. I 



We now give some interesting applications of Theorem l3.2l for the case L~H. Note that if we replace the 
statement " v(z) is convex in the open unit disc U and Re [(ji — v)(Xi + ji] > 0" by 



Re 1 



ZV"(z) 
V(z) 



> max{0,Re [(v - /J.)ai - /i}} 



in the hypothesis of Theorem l3.2l still the subordination part of the result holds so we obtain the following corollary 
as a straight forward consequence to the first part of Theorem l3.2l bv taking \j/(z) = (1 +Az)/(1 +Bz). 
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Corollary 4.9. Let — 1 < B < A < 1 andRe(u — vB) > \v — uB\ where u = (p. — v)cc\ + /x + 1 and v = [(/i — v)(X\ 
jX — l]B. Iff e £>/p, F as defined in ( 13.81 ) ant/ 

ft^,v^W)(At(«i + i)^i,o(/W^W) - vain^c/Wfc))) 

, , 1+Az (A-B)z 

anaf (1 +Az)/(1 + Z?z) is f/ze best dominant. 

Corollary 4.10. Let < a < 1 and Re[(/X — v)ai + ju] > 0. Iff € F a* defined in A3. 8]) and 



^ /liV (F( z ))(M(ai + l)O^ li0 (/(z) ) F( z ))-va 1 ^ 0i _ 1 (/( z ),F( z ))) 



-< 



,l + (l-2a)z 2(1- a)z 
(( M - v)a, + M ) \_ z + ( \_^ 

f/zen 

an<i (1 + (1 — 2a)z) /(l — z) f/ie fee.?? dominant. 

Putting p = \ ,1 = m + l.OC] = 1 and a, + i = j3, (/ = 1,2, ...m) in Corollaries 14.91 and 14.101 we obtain the 
following results respectively. 

Corollary 4.11. Let -1 < B < A < 1 and Re(« - vB) >\v- uB\ where u = 2u - V + 1, v = [2u - V - 1]B. // 
/ G .2/, F fli defined in ( 13.81 ) and 

[ {>> \F(z)J l M F'(z) F(z)J lM VJ l +J Bz + (l+Bz) 2 ' 

f/ien 

(^wri — ) - 

and (1 +Az)/(1 + Bz) Z5 the best dominant. 

Corollary 4.12. Let < a < 1 2/1 > v. Iff Esrf,F as defined in ( I3.<SD anc/ 



z V l+Az 



F(z)7 1+fiz 



r y " KHz); v f(z) 

then 

> a 



Re 

Proof. From Corollary 14. 101 we see that 



f(z)j v f'(z) F (z)y i-z (!-z) 2 

implies 

,_, / Z \ 

> a. 



Re 

Letz = e ,e ,-7T < < %. Then 



- ( 2fI -v )a -<^(-^)=: W 

A calculation shows that k(0) attains its maximum at = n and 

2(2/i-v)a-(l-a) 



maxfc(0) 

|e|<?r 

Hence the result follows at once. 
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Taking ji = v = 1 in the Corollary 14.1 II we have the following example. 
Example 4.9. Let -1 < B < A < 1. If / e s/ , F as defined in (O and 

zF'{z) (J'{z) f(z)\ ^ 1+Az , (A-B)z 



F{z) V F'(z) F{z)J l+Bz (1+Bz) 2 ' 
then Fe S*[A,B]. 

Putting fl = V = 1 in the Corollary 14. 121 we obtain the following example. 
Example 4.10. Let < a < 1. If / € F as defined in (13. 8t and satisfies 



Re 



zF'{z) ff'(z) f(z)\ \ ^ (3a -I) 



F(z) V F'(z) F(z) 



< 



then F € S* (a). 

Putting jtl = V = — 1 and assuming / € S* in Corollary 14. 121 we get the following example. 
Example 4. 1 1. Let < a < 1 . If / e 5* , F as defined in (l3~8T > and 



Re 



< 



(a + 1) 



,zF'(z) \F(z) F'{z), 
thenF e S* (a). 

Putting /I = 1 and v = in Corollary |4.12l we obtain the following example. 
Example 4. 12. Let < a < 1 . If / <E F as defined in (l3~8l l and 

„ ,,. , 5a- 1 
Re/'(z) < — ^— , 

then Re F'(z) > a. 

Putting /i = and v = — 1 in Corollary 14. 121 we have the following example. 
Example 4.13. Let < 05 < 1. If / € F as defined in (|3~8T > and 



Re /( £ ) < 3o-l 
z 2 

then FeR(a). 

By taking i//"(z) = ((1 +z)/(l — z)) 1 ' in the subordination part of Theorem l3.2l for the case L = H, the Dzoik 
Srivastava operator, we have the following result. 

Corollary 4.13. Let < 77 < 1 and Re[(/x - v)a,\ + ju] > 0. If f € #/ p , F as defined in ri3.<SD anc/ satisfies the 
subordination 



2r\z \ f l+z 
(l-Z 2 )) [l-z 



^ M , v (F(z)) ((«i + l)M^i, (/(z)^(z)) - va^^^/W/fz))) 

-< ( ((M-v)ai + M) 



then 



V-h\,. v {F(z))<1- 



1+z 



ant/ ((1 +z)/(l — z)) 71 ?ne foes? dominant. 

By putting p = l,l = m+ 1,05] = 1 and a (+ i = j3, (z = 1,2, ...m) in the above Corollary 14. 131 we obtain the 
following result. 

Corollary 4.14. Let < 77 < 1 anc/ 2/1 > v. 7f / € srf , F as defined in ( li.<SD one/ 



then 



— 

f(z); v M ^'w ^(z) 

a r g{(F'(z)r(^ 
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(77 + 1)71; (2ju-v) 
< v _ arctan — . 



< 



?77r 



Proof. The proof of the above Corollary 14. 14l is similar to that of the Corollary |4.6l hence skipped here. 

I 

In the above Corollary 14. 141 if we set jj. = v = 1, then we have the following example. 
Example AAA. Let < 77 < 1. If / e srf , F as defined in d3THb and 



F(z) V F'(z) F(z) 



(77 + 1)7T (\ 

< — arctan — 

2 \ n 



thenF(z) eSS*(ri). 

Taking the dominant y/(z) = yl+z, which is a convex function in the open unit disc U, in the subordination 
part of Theorem l3.2l we have the following corollary for the operator L = H, the Dzoik Srivastava operator. 



Corollary 4.15. Let < 77 < 1 and Re[(ot] (p. - v) + fl] > 0. Iff € jtf p , F as defined in A3. <SI ) and 
^,vTO) f(«i + l)^ lfl (f(z),F(z)) - nvOg^iffaF®)) 



-< 



(ai(ju- v) + Ai)Vl+z + - 



f/;en 



ant/ y/l +z is the best dominant. 

Putting p = 1 , 1 = m + 1 , C«i = 1 and 0f,+ 1 = J3,- (2 = 1 , 2, .. .m) in Corollary 14. 151 we obtain the following result. 
Corollary 4.16. Let < r? < 1 and 2jX > v. 7/"/ e F as defined in ( 15. (SI ) ami 



f«en 



anaf vT+Z is the best dominant. 

Putting ji = v = 1 in the above Corollary 14. 161 we have the following example. 
Example 4. 15. Let < r] < 1 . If / G srf , F as defined in ( 13.81 ) and 



F{z) V *"(z) 



< VL22« 1.10, 



then F G J^if . 



Proof. The above result can be proved using the technique adopted in the proof of the Example l4.8l and hence it is 
omitted here. I 



Now we discuss some applications of Theorem B.ll when L — I, the Integral transform. The subordination part 
of Theorem l3 . 1 1 yields the following corollary by taking \jf(z) = (1 +Az) /(l +Bz) and 

Re( l + ^-r^f) >max{0,Re[(v-Ai)(A + p)}} 



V'(z) 

instead of taking "y/ is convex and Re[(jU — v)(A + p)] > 0." 

Corollary 4.17. Let — 1 < B < A < 1 and A 7^ — p be a complex number. Let Re(« — vB) > |v — 5.B| where 
u = (ji - v) (A + p) + 1, v = [(m - v)(A +p) - l]B. Iff g ^4 and 



^, M ,v(/(z)) (f^li (/(z)) - vO?, M (/(z))) -< (M - v) T 

then 



ami (1 +Az)/(1 +Bz) « f/ie besf dominant. 



n;,M,v(/(z)) -! 
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1+Az 1 (A-g)z 
Bz + A+p(l+Bz) 2 ' 

1+Az 



Corollary 4.18. Let < a < 1, A ^ —p be a complex number and Re[(/X — v)(A + p)} > 0. Iff S ^ ant/ 

l + (l-2o)z 1 2(1 -a)z 



A+/> (1-z) 2 ' 



then 



aL, v (/(z)H 



l + (l-2«)z 
1-z 



ana" (1 + (1 — 2a)z) /(l — z) is f/ie fees? dominant. 



Note that for = 1 , A = and r = 0, we have h (0, 0)/(z) = /(z) ,7i (1 , 0)/(z) = z/' (z) ,/i (2, 0)/(z) = z(z/" (z) + 
/'(z)). Putting these values in Corollary |4.171 we have the following result. 

Corollary 4.19. Let -1 <B < A < 1. Let (u- vB) > \v-uB\, where u = fi-v+1 and v= (fl-V- 1)B. If 

f £ stf and 

z W A z/"(z)\ z/'(z)\ , ,1+Az (A-fi)z 



then 



(/'(*))" 



z 

m 



-< 



l+Az 



1+Bz 



an<i (1 +Az)/(1 +Bz) is fne fees? dominant. 

Corollary 4.20. Lef < a < 1 and ji>V. If f € ^ ant/ satisfies 



Re 



(/Wl^) (m(i 



/'(z) 



, z/'(z) 
/(*) 



> 



2(n - v)a - {\ - a) 



then 



Re 



> a. 



Proof. The proof is similar to that of the Corollary I4.4l hence omitted here. 

Putting ji = v = 1 in Corollary 14. 191 we have the following result. 
Example 4. 16. Let - 1 < B < A < 1 . If / e srf and satisfies 



zf"(z)\ zf(z)\ (A-B)z 

fiz) J m J (i+Bzr 



then/ e S* [A, B\. 

Setting = v = 1 in Corollary 14.201 we have the following result: 
Example 4.17. Let 0<a<l.lffEs?/ satisfies the differential subordination 



Re 



zf'(z) 
f(z) 



zf'jz) zf"(z) 
f(z) f'(z) 



> 



a-1 



then/e S*(a). 

Remark 4.3. In fact for a — the above Example 14. 171 reduces to the result [28, Corollary 2] due to Owa and 
Obradovic. 

Putting /i = 1 and v = in Corollary |4.20l we have the following result. 
Example 4.18. Let 0<a<l.If/GJz/ and satisfies 

Re[ / '(z)+z/"(z)]>^, 

then Re /'(z) > a. 

Remark 4.4. 1. The above Example [4T8] extends the result [8, Theorem 5] due to Chichra. 
2. Corollary l4~20l reduces to JH, Theorem 2] when /I = 0, V = -1 and a = 1/3. 

If we take y/(z) = ((1 +z)/(l — z)) 7 ' with < T] < 1, for the case L — I, then clearly y/(z) is convex in the open 
unit disc U and we have the following corollary from the subordination part of Theorem l3.ll 

17 



Corollary 4.21. Let < TJ < 1, A ^ — /> fee a complex number and Re [(/i — v) (A + p)] > 0. /f/ € , ami satisfies 
the subordination 



£1 



/V,v(/W)(Mn / l\(/W)-vn;, 1 , 1 (/(z))) -< ((m-v) + 



2tjz 



(A+/9)(i-z 2 )y Vi-z 



1+zV 



then 



ant/ (■jz^) is fne feesf dominant. 

Putting p — 1,A = and r — in Corollary 14. 211 we obtain the following corollary. 
Corollary 4.22. Let < tj < 1 and fX>V. If f € ^ and satisfies 

8% 



zf"(z)\ zf(z) 



(z) J fiz) 



< 



where 



then 



c , 2 M~ v 
d = tj + 1 arctan , 

7T TJ 



< 



TJ7T 



Proof. The proof of the above Corollary 14. 22l is much akin to the proof of Corollary 14. 6l hence it is left here. I 

The following example is obtained by taking /i = v = 1 in the above Corollary 14. 221 
Example 4.19. If / G s/ and satisfies 

(T7 + 1)7T 



arg 



zf(z) f l , zf"(z) zf(z) 



f{z) V f{z) f(z) 



< 



then / eSS* (tj). 

Taking y/(z) = \/l +z, convex function in the open unit disc U, as dominant in the subordination part of the 
Theorem l3.ll we obtain the following corollary. 

Corollary 4.23. Let A =/= —p be a complex number and Re[(/J — v)(A + p)] > 0. If f € anaf satisfies the 
subordination 



W(/W)(m^X 1 i(/(z))-v^ m (/(z))) -< (M-v)V^ 



1+z- 



2(A + p)yr+z' 



then 



anc/ \/T+Z fne feeif dominant. 

Putting p = 1,A = and r = in Corollary 14. 231 we have the following corollary. 
Corollary 4.24. Lef /i > v. 7f/ £ ^ and satisfies the subordination 

<^7§))>(' + m)-^<-^+ 



2VT + Z 



then 



(f(z)T 



f(z) 



and vT + Z is the best dominant. 
Example 4.20. If / € and satisfies 



z/'(z) f l zf'(z) , z/"(z) 



then / e J^JS?. 



/(z) V /(z) /'(z) 
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< 



2V^ 



■0.35, 



Proof. Putting jU = v = 1 in Corollary 14.241 and using the technique used in the proof of Example 14. 81 the proof 
follows at once. I 



Now we will derive some applications of Theorem 13.21 when L — I, the Integral transform. The following 
corollary is obtained from the subordination part of Theorem 13. 21 by taking y/(z) = (1 +Az) /(l + Bz) and 

Ref 1 + J >max{0,Re[(v-Ai)(A +/>)]} 



instead of taking "y/ is convex and Re[(/x — v)(A + p)} > 0". 

Corollary 4.25. Let -1 < B < A < 1 andRe(u-vB) > \v — SB\ where u = (fl- v)(A+p) + 1, v = [(fl - v)(A + 
p) — 1]B fl«<i A 7^ — p fee a complex number. If f £ ,s/ p and satisfies the subordination 

^,v(/W)(M^ 1 ,o(/(z), J F( z ))-v^. ._ 1 (/( z ), J F( z ))) 

1+Az 1 (A-B)z 



l+Bz l + p{l+Bz) 2 

then 



"< (M-V): 

1+Az 



Bz 

where F is defined as in i3.8t and (1 +Az)/(l +Bz) is the best dominant. 

Putting p = 1,A = and r — 0, in the above Corollary 14. 251 it reduces to Corollarv l4.11l 

Corollary 4.26. Let < a < 1, A 7^ — p be a complex number and Re [(fl — v) (A + p)] > 0. Iff € s/ p and satisfies 
the subordination 

^,v(/W)(M^, 1 , (/(z), J F( z ))-v^; ._ 1 (/(z), J F( z )))^ 

l + (l-2a)z 2(1 -a) z 



(M-v)- 



l-z A+p (1-z) 2 ' 

where F is defined as in ( 13.81 ), f/ien 

Re^ )M , v (/(z)) > a- 

On setting p = 1,A = and r = the above Corollary 14.261 reduces to Corollary 14. 121 Taking y/(z) = ((1 + 
z)/( 1 — z)) 7 ' , < 77 < l,as dominant in the subordination part of Theorem l3.2l for the Integral operator / = L, we 
have the following corollary. Further on setting p = 1,A = and r = 0, it reduces to Corollary 14. 141 

Corollary 4.27. Let < 77 < 1, A 7^ — p fee a complex number and Re[(ju — v)(A + p)] > 0. 7f / € s/ p , F as 
defined in ( I3.<SD ana' satisfies the subordination 



n;.„,.(/fe))(MSi;.,.o(/(:),f(:))-v!i;. ._,(/(i),F(i))) 

- ( ( "- v) + (XW3?) ) 

then 



/1+z^ 

^, M ,v(/(z)H Wz 



and ((1 +z)/(l — z)) 7 ' is ?/ie fees? dominant. 



Taking i// = \/l +z in the subordination part of Theorem [32] we have the following corollary corresponding 
to the integral operator I = L, which finally reduces to Corollary 14. 161 when p = 1 , A = and r = 0. 



Corollary 4.28. Let X 7^ —p be a complex number and Re[(jU — V)(A + p)] > 0. Iff € srf p , F as defined in ( U.<SD 
ant/ 

0^ v (/(z))(mO; j1i o(/(z),F(z))-v^ 0| _ 1 (/( z ),F(z))) 



^ (ju- v)vT+z + - 



2(A+p)VT+i' 

where F is defined as in ( 15.81 ), f/xen 

fl/,M,vtf(z)) ^ VT+i 



ana? vl+Z f/ie best dominant. 
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